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1. INTRODUCTION 
Using the classification of all finite simple groups, we prove: 
THEOREM 1. Let G be a nonabelian simple group with H < G and 
[G : H] = pa, p prime. One of the following holds. 
(a) G=A, and HrA,-, with n= p’, 
(b) G = PSL,(q) and H is the stabilizer of a line or hyperplane. Then 
[G: H] = (q” - l)/(q - 1) = p”. (Note n must be prime.) 
(c) G=PSL,(ll) and H?A,. 
(d) G=M,, and H%Mzz or G=M,, and HrM,,. 
(e) G= PSU,(2)z PSp,(3) and H is the parabolic subgroup of 
index 27. 
Note that in (b) (n > 2) and (c) there are two classes of H which are fused 
in Aut G. Also H is a Hall p’-subgroup of G except if G = A,,, n = p’ > p. 
or in case (e). 
The next result is a rather amusing consequence of the theorem. 
COROLLARY 2. Let G be a nonabelian simple group acting transitively 
on Q with ]RI = pa. Then G acts 2-transitively on R unless G ? PSU,(2) 
and ]R] = 27 in which case G acts as a rank 3 primitive permutation group 
and G, has orbits of size 1, 10, and 16. 
Of course, if a = I, this follows from Burnside’s theorem. The simplicity 
condition cannot be relaxed. Choose G simple with V a faithful irreducible 
F[G] module with F = GF(p). Set H = VG. Then H is perfect and does not 
act 2-transitively on the cosets of G unless G is transitive on Y- (0). 
Note that G= PSL,(2)r PSL,(7) is the only simple group with 
subgroups of two different prime power indices. This observation yields: 
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COROLLARY 3. Let G be a finite group such that every maximal 
subgroup has prime power index. Then G/O, G z 1 or PSL2(7). (0, G is 
the maximal normal solvable subgroup of G.) 
The proof is divided into three parts. In Section 2, the alternating groups 
are considered. The Chevalley groups are studied in Section 3, while 
Section 4 is devoted to the sporadic groups. The corollaries are proved in the 
final section. 
We should mention that in [7] all solvable subgroups of prime power 
index are determined. 
2. ALTERNATING GROUPS 
The case of An is essentially done in [ 71. However, the proof is incomplete 
for transitive subgroups, so we include the result. Let C(n, k) denote the 
binomial coefficient. 
(2.1) Suppose C(n, k) = par, where (p, r) = 1. Then p” < n. 
Proof: This is well known. 
(2.2) Let G =A,, n > 5 with [G :H] = pa, p prime. Then n = pa and 
HzA,-,. 
Proof Induct on n. For n = 5, this is clear. If H is not transitive, then 
H < G(d), the, global’stabilizer of A with 1 < 1 Al < n/2. Thus [G : G(A)] = 
p*=C(n,k)<n. Hence k=lAl= 1. By induction H=G(A)zAA.-,. IfHis 
transitive, then [G, : H,] = [G : H], where G, is the stabilizer of a. 
So H,=HnG,=G,, for some /I # a. However, the only subgroups 
containing G,, are G,, G,, and G( (a, p}), none of which are transitive. 
3. CHEVALLEY GROUPS 
In this section, G will denote a simple Chevalley group of characteristic r. 
Then q will denote a power of r. Suppose H < G with [G : H] = pa. 
(3.1) If p = r, then one of the following holds. 
(a) G = PSL,(2) and [G: H] = 8. 
(b) G = PSL,(2) and [G: H] = 8. 
(c) G=PSL,(ll) and HsA,. 
(d) G = PSp,(3) and [G: H] = 27. 
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ProoJ G = HU= HB, where UE Syl,(G) and B is a Bore1 subgroup 
of G. Thus H is a flag transitive subgroup of G. If G has rank >2, this 
follows from Seitz [9, Theorem A]. For the rank one groups this follows 
from the lists of subgroups in Dickson [4], Mitchell [S], and Suzuki [IO] 
and the results of Walter [ 111 and Ward [ 121 on the Ree groups. 
Note that PSL,(2)z PSL,(7) and PSL,(2)rA, so that these groups are 
covered in parts (a) and (b) of the theorem. 
So now assume p # r. Thus U < H for some U E Syl,(G). By a result of 
Tits (cf. 19, 1.6]), it follows that H < P for a maximal parabolic subgroup P 
of G. Our goal is to show that [G : P] is not a prime power unless 
Theorem l(b) applies. In that case, we shall see H = P. Essentially we can 
determine the parabolic subgroups from the Dynkin diagram and calculate 
the index from the information in (21. 
We use the notation in Carter [2]. The following result of Zsigmondy [ 14 ] 
will be very useful. 
(3.2) Let I be a prime and b a positive integer. One of the following 
holds. 
(a) There is a prime s ] rb - 1 with sJ/r’ - 1 for c < b. 
(b) r = 2, b = 6. 
(c) r is a Mersenne prime and b = 2. 
We say s is a primitive divisor of rb - 1 if (a) holds. In view of 
Theorem l(b), the following is of interest. 
(3.3) Suppose (q” - l)/(q - 1) = pa. Then 
(a) n is prime. 
(b) rc 1 (modn) or n=r=2. 
(c) If n = 2, then either q is a Mersenne prime and p = 2 or r is a 
Fermat prime and a = 1 or p = 3, a = 2, and q = 8. 
Proof: Apply (3.2). 
(3.4) Suppose G = A,(q) = PSL,, ,(q). Then H is the stabilizer of a line 
or hyperplane and [G : H] = (ql+ ’ - l)/(q - 1). 
Proof Let s be a primitive divisor of q’+ ’ - 1. Choose x E G of order s. 
Thenx~P,sos=p(ifZ=5andq=2orI=landqisMersenne,takex 
of order 9 and 4, respectively). Hence, as t% [G:P], where t is a primitive 
divisor of q’ - 1, it follows that P is the stabilizer of a line or hyperplane. If 
[G : P] is a power of a prime, then (1 PI, [G : P]) = 1 and so H = P. 
(3.5) If G = B,(q) or C,(q), then [G: P] # pa. 
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Proof. For l< 4, this follows by inspection. For I> 5, it follows that p is 
a primitive divisor of q*’ - 1. Since SC [G:P], where s is a primitive divisor 
of q2’-2 - 1, P is the stabilizer of an isotropic line. Hence [G :P] = (q21 - l)/ 
(q-l)+ Pa. 
(3.6) If G = D[(q), [G: P] # pa. 
Proof: For 1= 4 or 5, this follows by inspection. So assume I> 5. Then 
p is a primitive divisor of qzrm2 - 1. As SC [G:P], where s is a primitive 
divisor of q2’-4 - 1, it follows that P is of type D,- ,(q) and 
[G:P] = “‘br; ’ q+;-l, = p~. 
(3.7) If G= E,(q), E,(q), E,(q), F,(q), 2&(q2)9 or 2F4(22m+')7 then 
[G :p] is divisible by st; where s and t are primitive divisors of q” - 1 and 
q:l 1 for E,, q’* - 1 and q14 - 1 for E,, q3’ - 1 and qz4 - 1 for E,, 
4 
- 1 and q8 - 1 for F,, q” - 1 and q” - 1 for ‘E,, and 224m+‘2 - 1 and 
28”+4 -1 for’F,. 
(3.8) If G = G,(q), then [G:P] = (q6 - l)/(q - 1) = pa. 
(3.9) If G = ‘AI( then [G: P] # pa unless 1= 3 and q = 2. 
Proof: First assume I= 2k. If s is a primitive divisor of q4k+2 - 1, then 
s 1 [G: P]. Also either t, or t, divides [G:P], where t, is a primitive divisor of 
4 
Jk-2 - 1 and t, is a primitive divisor of qzk - 1. A similar argument works 
for I odd except if G = U,(2) and [G:P] = 27. (This is because of (3.2~). 
Since P/O,(P) E A,, P has no subgroups of index 3b and so H = P.) 
(3.10) If G = ‘II,( then (G:P] # p’. 
ProoJ: Then s 1 [G: P], where s is a primitive divisor of q2’ - 1. Now if t 
is a primitive divisor of q*‘-* - 1, t 1 [G:P] unless P is the stabilizer of an 
isotropic line. But then [G:P] = (q’ + l)(q’-’ + l)/(q - 1) # p”. 
(3.11) If G = 2B2(22mf’), then [G:P] = 2”““’ + 1 # pa, 
(3.12) If G= 2G2(32m+‘), then [G:P] = 36m+3 + 1 f pa. 
(3.13) If G = ‘D,(q-‘), then [G:P] # p”. 
ProoJ P = B U BnB, where B is a Bore1 subgroup and n normalizes the 
Cartan subgroup of B and maps onto a generator of the Weyl group. Thus 
IPI=IBI(q”+1),with&=1or3and[G:P]=(qE+l)(q8+q4+1)#pa. 
Thus we have exhausted the supply of Chevalley groups. 
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4. SPORADIC GROUPS 
In this section we shall follow the notation in [6]. 
PROPOSITION 4. Suppose G is a sporadic group and H < G with 
[G:H] = pa. Then G=M,, and HEM,, or G=M,, and HsMMz,. 
Proof: For G, a Mathieu group, this follows from Conway’s list of 
maximal subgroups [ 3, p. 3251. Similarly, if G = J,, Co,, or MC, all maximal 
subgroups are known (see [5] and [6]). If G = J, by order considerations, 
p’ = 19 is the only possibility. However, if G < A ,9 is primitive and contains 
an 11 cycle, then by a result of Jordan [ 13, Theorem 13.91, G = A,,. 
Most odd primes can be eliminated in the same manner. (In several cases 
we need to use a more general result. See [ 13, Theorem 13. lo].) The odd 
primes that cannot be eliminated this way are listed in Tables I and II. Now 
assume G is one of the 17 groups listed in Table I or II. First let us show the 
Fitting subgroup of H is 1. Otherwise H = N,(K), where K is an elementary 
abelian r-group for some prime r. By considering the tables of normalizers of 
prime order subgroups in [6], we can choose x E H of prime order s # p so 
that x does not act fixed point freely on K. Hence x E C,(y) for some 4’ E K, 
which will be a contradiction. The choice of s is given in Tables I and II (for 
some of the groups, two primes are needed). For example, if G = F,, no 
element x of order 59 can act nontrivially on an elementary abelian 
subgroup of F,. Hence if p # 59, there exists x E H of order 59 with K < 
C,(x) = (x), a contradiction. 
Since Aschbacher [l] has shown that if S E Syl,(G) and S < T, then S is 
a 2-local subgroup for G in Table I, it follows that p is not odd for those G. 
TABLE I 
G T Bad odd primes s 
J, 
J, 
CO, 
CO, 
HS 
SZ 
He 
M(24)’ 
F5 
F, 
J-2 
F, 
(Qs * Q,). A, 3 17 
- I1 43 
- 3, 5 23 
- 3, 5 Il. 23 
Mu 5 11 
G(4) 3 I I, 13 
2’L,(4). 2 1 17 
- 3.1 29 
- 3, 5 19 
25 #L,(2) 3, 5 19 
2’ *E,(2). 2 3, 5 31.47 
- 3,5, 7, 13 59 
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TABLE II 
G T Bad odd primes s 
L.l 2A,, 3, 5 17 
RU 22X2B,(8) - 13 
ON 4L,(4) 2 7 19 
W22) 2Ud2) 3 11,13 
M(23) 2M(22) 3 23 
Also note that if T> S E Syl,(G), then G = TH and so [H: Hfl T] = pa. 
This can provide a contradiction, For example, if G = Ly and we take T = 
3# Aut(Mc) or G,(5) we can eliminate p = 3 and 5. Similarly if G = ON, 
take T= L3(7) . 2 to eliminate p = 7. We can eliminate most of the other 
groups with p = 2 by an appropriate choice of T (see Tables I and 11). Also 
p # 3 for G = M(22) or M(23) by choosing T= 52,(3) or PRl(3) . z!, 
respectively. 
So the only cases left are G =J4, Co,, Coz, M(24)‘, F,, and F, with 
p = 2. L.et S E Syl?(G). Since G = SH, if z E Z(S) n H, then G = (z”) = 
(z”) < H. So if H is a proper subgroup, H contains no central involutions 
of G. Now for each of these groups if z E Z(S), C,(z) = QL, where Q is an 
extraspecial group, Z(Q) = (z). and L acts irreducibly on Q/Z(Q). 
For example, if G = F,, then C,(z) = Q(,4,12). Hence M > A, x A,. In 
particular there is some involution x E M. Now every involution in G is 
conjugate to an element of Q. Hence by replacing z by some conjugate we 
can assume Mn Q # 1. Hence ((Q n M)R / g E C,,(z)) > (z) yielding a con- 
tradiction. 
For the other groups, by considering H n C,(z) one obtains bounds on 
IHI,. We then choose another T>S and obtain different bounds for jHlz. 
This information is listed in Table III. The proof is now complete. 
TABLE III 
G C(z) r 1% IQ1 
J, Q#fi>z.Z 2”M 24 13 
CO, Qfi,+ (2) 2”M :J 9 
co, QS,&) 2’” Aut(M>?) 9 
M(24)’ Qir,(3). 2 2”M 
F, Qco, 2”‘f ‘“n;(2) 
13 
25 
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5. THE COROLLARIES 
Corollary 2 follows by observing that for all G and H described in the 
theorem, G acts 2-transitively on the cosets of H or (e) holds. 
To prove Corollary 3, it s&ices to assume 0, G = 1 # G. Let K be a 
minimal normal subgroup of G. So K = L, x a.. x L,, where Liz L is 
nonabelian and simple. If 1 # P E Syl,(K), then G = KN,(P). Thus for any 
maximal subgroup M > N,(P), [G :M] = qe for some prime q # p. Since 
G = KM, 1 # [Li : Li n M] = &. Repeating this argument with p replaced by 
q, we find that L has subgroups of indices of two different prime powers. 
Thus L zPpSL,(2). 
We claim that NJL,) = L, C,(L,). If not, since [Aut L : L] = 2, there 
exists T E Syl,(K) and .Y E N,(T) inducing an outer automorphism on L, . If 
NJT) < A4 is maximal, then Mn L, # L, . Indeed, since Mn L, is 
normalized by x, (L, : M n L, ] = 2 I, contradicting the assumption that 
[G :M] is a prime power. This shows that G/C(K) = G = KT, where T acts 
faithfully as permutations on (Li}. If t# 1, let D be the diagonal subgroup 
of K. Then DT= M is maximal in G, and [G:M] = 168’-‘, a contradiction. 
Hence t = 1, and G = L, x C(L,). By induction, if C(L,) # 1, then 
C(L ,) z L. Again, a diagonal subgroup would be maximal. Thus G = L, , 
and the result holds. 
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